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PATH-DEPENDENT ITO FORMULAS UNDER FINITE (p, g)- VARIATION 

REGULARITY 

ALBERTO OHASHI, EVELINA SHAMAROVA, AND NIKOLAI N. SHAMAROV 


Abstract. In this work, we establish pathwise functional Ito formulas for non-smooth functionals 
of real-valued continuous semimartingales. Under finite (p, q^-variation regularity assumptions in the 
sense of two-dimensional Young integration theory, we establish a pathwise local-time decomposition 

F t (X t ) = Fo(Xo) + f \7 h F s (X s )ds+ /*V“F,(X.)dX( S )-I / + °° [\^F 3 )CX s )d M r(s). 

Jo Jo J 7-00 Jo 

Here, Xt = {X(s);0 ^ s ^ t} is the continuous semimartingale path up to time t E [0,T], X h 
is the horizontal derivative, (V™-F s )( x X s ) is a weak derivative of F with respect to the terminal 
value x of the modified path X X S and X w F S (X S ) = (V™F s )( a: A’<s)| a ,_x(s)- The double integral is 
interpreted as a space-time 2D-Young integral with differential d^ sx ^£ x (s), where i is the local-time 
of X. Under less restrictive joint variation assumptions on (V™ Ft)( x Xt), functional Ito formulas 
are established when X is a stable symmetric process. Singular cases when x i—► (V™ Ft)( x Xt) is 
smooth off random bounded variation curves are also discussed. The results of this paper extend 
previous change of variable formulas in Cont and Fournie [7] and also Peskir m, Feng and Zhao El 
and Elworhty, Truman and Zhao E in the context of path-dependent functionals. In particular, 
we provide a pathwise path-dependent version of the classical Follmer-Protter-Shiryaev m formula 
for continuous semimartingales. 


1. Introduction 

The celebrated Ito formula is the fundamental change of variables formula deeply connected with 
the concept of quadratic variation of semimartingales. It was initially conceived by Kiyosi Ito and since 
then many authors have been extending his formula either relaxing smoothness of the transformation 
or generalizing to more general stochastic processes. 

After Ito, perhaps the major contribution towards a change of variables formula without C 2 as¬ 
sumption was due to the classical works by Tanaka, Wang and Meyer by making a beautiful use of 
the local time concept earlier introduced by Paul Levy. They proved that if F : R —>• R is convex then 

F{B(t)) = F(B( 0)) + f V-F(B(s))dB(a) + \ [°° i x {t)p{dx) 

JO ^ 7 — 00 

where B is the Brownian motion, £ x (t) is the correspondent local time two-parameter process at 
{t,x) G M + x R and p is the Radon measure related to the generalized second-order derivative of F. 
A different extension to absolutely continuous functions with bounded derivatives is due to Bouleau 
and Yor [5j 

(1.1) F(B(t)) = F(B{ 0)) + f VF(B(s))dB(s) - \ f VF(x)dJ x (t) 

Jo J 7-00 

and later on extended by Follmer, Plotter and Shiryaev m and Eisenbaum m to functions in the 
Sobolev space Hb (R) of generalized functions with weak derivatives in Lf oc (M.). In this case, the 
correction term in CD is given by an d x £ x {t)- integral in L 2 (P)-sense where P is the Wiener measure. 
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See also Bardina and Rovira [I] for the case of elliptic diffusions and Russo and Vallois [31] for the 
general semimartingale case composed with C 1 functions. 

Inspired by the two-dimensional Lebesgue-Stieltjes integration methodology of Elworthy, Truman 
and Zhao [T^] . a different pathwise argument was introduced by Feng and Zhao mum based on 
Young/Rough Path (see e.g [21] ) integration theory. They proved that the local time curves x H > £ x (t) 
of any continuous semimartingale X admits p -variation (p > 2) almost surely for any t ^ 0. In this 
case, the pathwise rough path integral f_°° V-F(x)d x £ x (t ) can be used as the correction term in the 
change of variable formula for X as follows 

F(X(t)) - F(X( 0)) = / X.F(X{s))dX{s) - \ [ X_F(x)d x £ x (t), 0 < t < T, 

Jo ^ J —oo 

where F : M —>• R is an absolutely continuous function with left-continuous left derivative V^F with 
finite p -variation where 1 ^ p ^ 3. 

One important class of semimartingale transformations which cannot be recovered by the previous 
methods is the following one 

(1.2) X t ^F t (X t y,t> 0 

where X t = (X(w); 0 ^ u ^ t,} is the senhmartingale path up to time t and F t : C([0, t\; R) —> R; t ^ 0 
is a family of functionals defined on the space of real-valued continuous functions C([0,i];M) on the 
intervals [0,i];i ^ 0. Path-dependent transformations of type OJ) have been studied in the context 
of the so-called functional stochastic calculus introduced by Dupire m and systematically studied 
by Cont and Fournie mm ■ In fact, this approach has been recently studied by many authors in the 
context of path-dependent PDEs and path-dependent optimal stochastic control problems. We refer 
the reader to e.g for a detailed account on this literature. In this 

case, the usual space-time derivative operators are replaced by the so-called horizontal and vertical 
derivative operators, given by V h F and V V F, respectively. Under suitable regularity conditions (C 1,2 
in the functional sense), one can show that if X is a continuous semimartingale then 

(1.3) F t (X t ) = F 0 (X 0 )+ f V h F s {X s )ds+ [ S7 v F s (X s )dX(s) + l f V v ’ 2 F s (X s )d[X,X](s)-t^ 0 

Jo Jo * Jo 

where V l ' ,2 F is the second order vertical derivative and [X, X] is the standard quadratic variation 
of X. See [7J [TT] for further details. Under weaker regularity assumptions, Leao, Ohashi and Simas 
m have extended (11.31) for functionals F which do not admit second order vertical derivatives. By 
means of a weaker version of functional calculus, the authors show that path dependent functionals 
with rough regularity in the sense of (p, (^-variation are weakly differentiable and, in particular, they 
satisfy 


pt pt 1 pt /» + OO 

(1.4) F t (B t ) = F 0 (B 0 ) + / VF s (B s )dB(s) + / V^’ h F s (B s )ds - - / / d x F s ( x B s )d {s>x) i x (s), 

JO Jo * Jo J -oo 

where the operators (T>F, V^^F) are similar in nature to ( X V F(B ), X h F(B)). The d( s a; )£ :E (s)-integral 
in (11.41) is considered in the (p, f/)-varia,tion sense based on the pathwise 2D Young integral (see ITUl ) 
where £ is the Brownian local-time. The integrand is a suitable space derivative of F composed with 
a “terminal value modification” x B t defined by the following pathwise operation: For a given path 
rjt ■ C([0,i];R) —> R, then 


x Vt(n) 


i)(u ); if 0 ^ u < t 

x; if u = t. 


In this work, our goal is to study a number of path-dependent Ito formulas F{X) beyond the smooth 
case of functionals with C 1-2 -regularity, where X is an arbitrary semimartingale with continuous 
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paths. Based on the framework of pathwise functional calculus, we establish a pathwise local-time 
decomposition 


pt pt 1 /* + OO pt 

(1.5) F t (X t ) = F 0 (X 0 )+ / V h F s (X s )ds+ V w F s (X s )dX(s)-- (V™F s ){ x X s )d {s , x] l x (s) 

where (V“ F s )( x X s ) is a weak derivative of F with respect to the terminal value x of the modified 
path X X S and (' V W F S )(X S ) = (V“F s )( :r X s )|x(s)=x- The double integral is interpreted as a space-time 
2D-Young integral with differential d/ SiX )£ x (s) where l is the local time of X. We study differential 
representations of form (O) under a set of assumptions related to rough variations in time and space: 
Two-parameter Holder control: For each L > 0, there exists a constant C such that 


(1.6) lA^V^X^ctJI < C\U - ti-i\ 1/p \xj - 

for every partition x {xj}jL 0 of [0,T] x [—L,L] and c £ C([0, T]; K). Here, A j is the usual 

first difference operator and p, q ^ 1 are constants such that 

1 , , (l-o) 1 , 

p 2 + 6 q 

for some a £ (0,1) and 5 > 0. General (a, b)-variation: In the particular case when X is a continuous 
symmetric stable process with index 1 < (3 St 2 , we establish formula m under general (a, b)- 
variation regularity assumption 


(1.7) 


sup 

7T 


" N' N 

£[£|A^(V“F t J( x 'OI 

-1=1 i=1 


< oo; c£C([ 0 ,r];R) 


for 1 ^ a < and 1 ^ b < 333 , where sup in is computed over the set of partitions n of 
[0,T] x [—L,L] for each L > 0. Other types of singularities are also discussed when x i-A F t ( x c t ) is 
smooth off path-dependent bounded variation curves. 

The formulas presented in this article extend previous versions of path-dependent pathwise Ito 
formulas given by Cont and Fournie [7] and Dupire m- In relation to non-smooth path-dependent 
cases, we also extend Prop. 8.4 in Leao, Ohashi and Simas EZ3 in the case when the path-dependent 
calculus is treated on the basis of functionals with a priori (p, (^-variation regularity rather than 
processes. In EH, the authors show that Wiener functionals with finite (p, g)-regularity of the form 
m are weakly differentiable. In the present work, in the context of pathwise functional calculus, 
we show that this type of regularity also provides differential representations for path-dependent 
functionals driven by generic continuous semimartingales. 

The level of regularity that we impose on the path-dependent functionals can be compared with 
the pioneering works of Elworthy, Truman and Zhao [12] , Peskir [30] and Feng and Zhao [17; T 8 ] who 
obtain extensions of non-path dependent change of variables formulas by means of pathwise arguments 
based on Lebesgue-Stieltjes/Young/rough path type integrals. Our first result CTheorem lS.ll) extends 
the classical result due to [Mi nu for functionals with singularity at path-dependent bounded variation 
curves. Applications to some path-dependent payoffs in Mathematical Finance are briefly discussed. 
The change of variable formulas under (a, &)-regularity (11.71) (Proposition 15.11) extend [17113$ with 
the restriction that the underlying noise is a continuous symmetric stable process. The general semi¬ 
martingale case is treated in Theorem 0$1 under more restrictive assumptions on \/ w F based on (11.61) . 

One typical class of examples which fits into the assumptions of our theorems can be represented 
by 


r x(t) 


— OO 


Zt{Xf,y)dy 
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where X is the semimartingale noise which induce the underlying filtration and Z = {Z(-; x) : 
C([0,t];R) —» R;(t,x) £ [0,T] x R} is a family of functionals satisfying some two-parameter vari¬ 
ation regularity of the forms (11.711 or (11.61) . This can be seen as a pathwise path-dependent version of 
the classical Follmer-Protter-Shiryaev formula (see [2^) for continuous semimartingales. 

This paper is organized as follows. Section [2] presents basic notations and some preliminary results. 
In Section [3J we investigate Ito formulas for path-dependent functionals which are regular off path- 
dependent bounded variation curves. Applications to some running maximum/minimum functionals 
arising in Mathematical Finance are presented. Section Q] presents Ito formulas under (p, g)-variation 
assumption of the particular form (11.61) . Section [5] treats the general case (11.71) under the assumption 
that the underlying driving noise is a symmetric stable process. 

2. Functional Mollification 

Throughout this paper we are given a stochastic basis (fI,F, T, P). Here, the set O := {w £ 
C([0, +oo); R); w(0) = z} is the set of real-valued continuous paths on R + which starts at a given 
z £ R, X is the canonical process, F := (J r t)t^o is the natural filtration generated by X, T is a sigma- 
algebra such that Ji C T Vf ^ 0 and P is the semimartingale measure on f 1. The usual quadratic 
variation will be denoted by [X, X] and we recall the local time of X is the unique random field 
{£ x (t); (x,t) £ R x R + } which realizes 

f f(X(s))d[X,X](s)= f i x (t)f (x)dx-,t ^ 0 
Jo Jr 

for every bounded Borel measurable function / : M —> M. Frequently, localization procedures will be 
necessary to handle the path-dependence. For this reason, for a given M > 0, we set 

T m := inf {t ^ 0; \X(t)\ > M} AT 

where 0 < T < +oo is a fixed terminal time and a A b := min{ci, 6}. The stopped semimartingale 
will be denoted by X M (t) := X(Tm Af);0 ^ f ^ T. We denote D([0,t];R) (C([0, t]; R)) as the 
linear space of R-valued cadlag (continuous) paths on [0, t] and we set A := t]', R) and 

A := Uosjt^TCdOjt^R). In order to make clear the information encoded by a path x £ D([0,t];R) up 
to a given time 0 ^ r ^ t, we denote x r := {x(s) : 0 ^ s ^ r} and the value of x at time 0 ^ u ^ t is 
denoted by x(u). This notation is naturally extended to processes. Throughout this paper, if / is a 
real-valued function defined on a metric space E , then 

■= f( x i) - f( x j- 1) 

for every sequence {xj}"L 0 C E. In particular, if <p : [0, T] x R —> R then 

AjAiip(ti,Xj) := ip(ti,Xj) - < p(ti-i,xj ) - (ip(ti,Xj- 1 ) - 
for any sequence {£*}”1 0 x {^A.}fc =0 C [0,T] x R. 

For reader’s convenience, let us recall some basic objects of the pathwise functional calculus. We 
refer the reader to Dupire mi and Cont and Fournie EEI for further details. Throughout this article, 
if w £ A, then for a given 7 > 0 and ft, £ R, we denote 

Wt tl (u) := w(u)-, 0 and uy j 7 (u) := w(t)]t < u ^ t + 7 , 

Wt(u) := w(u ); 0 < u < t and w^(t) := w(t) + ft. 

If x £ R, we denote 


x w t {u) := w(u); 0 ^ u < t and x Wt(u ) := x;u = t. 
A natural metric on A is given by 
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doo((t,w);(s,v)) := |t — s| + sup \w t , T -t(u) - v s , T - s {u)\; 

for ( w, v ) in A x A. Throughout this article, a functional F = {F t ; 0 ^ t ^ T} is just a family of 
mappings F t : D([0,f];R) — > R indexed by t £ [0,T], In the sequel, continuity of functionals is defined 
as follows (see e.g [7]): 

Definition 2.1. A functional F = {Tt;0 ^ t ^ T} is said to be A-continuous at c £ A */Ve > 0, 
there exists S(c,e) = 6 > 0 such that if rj £ A satisfies doo((i, c); (j],y)) < S then \F t (c) — F s (ry)| < £. 
We say that F is A-continuous if it is continuous for each c £ A. 

We recall the vertical derivative of a functional F £ A is defined as 


( 2 . 1 ) 


V v F t (c t ) := lim 

h-K) 


F t (c?) - Ft (ct) 

h 


whenever the right-hand side of m exists for every c 6 A. We define X V, ^F := V V (V V F) whenever 
this operation exists. The horizontal derivative is defined by the following limit 


(2.2) V h F t {c t ) := lim Ft +^ Ct ’^ Ft 

7 ^ 0 + 7 

whenever the right-hand side of ( 12.211 exists for every c £ A. 

An F-adapted continuous process Y may be represented by the identity 


(2.3) Y(t) = F t (X t )-,0^t^T, 

where F = {Ti;0^t^T}isa family of functionals F t : C{ [0, t] ; R) —> M representing the dependence 
of Y. 

Since Y is non-anticipative, Y{cj,t) only depends on the restriction of ui over [0,t]. In order to 
perform the standard pathwise functional calculus in the sense of Dupire Q3] and Cont and Fournie 0, 
one has to assume there exists a family of functionals F = {F t ; 0 ^ t ^ T} defined on A which is 
consistent to F in the sense that 


F t {ct) = F t (c t ) Vc£ A. 

Indeed, the concept of vertical derivative forces us to assume this. Throughout this article, whenever 
we write Y = F(X) for F defined on A, it is implicitly assumed that F is a consistent extension of a 
functional representation F which realizes (12.31) . This motivates the following definition. 

Definition 2.2. A non-anticipative functional is a family of functionals F = {F t ; 0 ^ ^ T} where 

Ft '■ -D([0, t]; R) — > R; c i—>• Ft(ct) 

is measurable w.r.t the canonical filtration Bt in D([0,f];R) for each t 6 [0,T]. 

In the sequel, let C 1,2 be the space of functionals F which are A-continuous and it has A-continuous 
derivatives X h F, X V, ^F for i = 1,2. The above notion of continuity is enough to apply the standard 
functional stochastic calculus techniques in the smooth case F £ C 1,2 . However, in order to employ 
mollification techniques to treat non-smooth dependence (in the sense of differentiation) of F w.r.t 
X, we need the following notion of continuity. 

Definition 2.3. We say that a family of functionals {H x : A —>• R;a; £ R} is state-dependent A- 
continuous at v £ A if there exists <j) £ L) oc (R) such that for every e > 0, there exists S > 0 such 
that 
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doo ((t 1 , c); ( t,v )) < 5 =» \Ht,(c t ') - < £(j){x)\\lx £ R. 

When the family {H x ;x £ R} is state-dependent A-continuous for every v £ A, we say that it is 
state-dependent A-continuous. 

Remark 2.1. If{H x \ x £ R} is state-dependent A-continuous,then it is A-continuous for each ifR. 
Example: Let us give an example of a state-dependent A-continuous family of functionals. In the 
sequel, (x) + := max{x;0},x £ R. For a given constant K, we consider F t (c t ) = ( sup c(s) — K\ . 

Then, F t ( x c t ) = ( sup x c(s) — A) for each x £ R, c £ A and we readily see that the family 
c >-»• F( x c)-,x £ R is state-dependent A-continuous. 

For the remainder of this paper it will be convenient to use the following notation: For a given 
family of functionals F = {Fp, 0 ^ t ^ T}, we define 

(2.4) F x (c t ) :=F t ( x c t ) 

for c £ A and x £ R. This notation will be useful to compute horizontal derivatives from a state- 
dependent A-continuous family of the form {F x ; x £ R}. 

The strategy to get functional Ito formulas under non-smooth conditions will be based on path- 
dependent mollification techniques on the state of the functional. Indeed, in this article we are only 
interested in relaxing vertical smoothness of path-dependent functionals. In this case, it will be 
sufficient for us to deal with one parameter mollification. 

For a given non-negative smooth function p £ C£°(R) such that supp p C (0, 2), f R p(x)ds = 1, we 
set p n (x) := np(nx); x £ R; n > 1. If x i-> Ff(c t ) £ Lj oc (RL) for every c £ A, then we define 

(2.5) F™(c t ; x) := (p n * T t (c t )) (x); x £ R,c £ A,t £ [0,T], 

where * denotes the usual convolution operation on the real line. From this convolution operator, we 
define the following non-anticipative functional 

Ft(c t ) := [ p n {c(t ) - y)J r ?(c t )dy; 0 < t < T. 

Jr 

One should notice that Ff-{ x c t ) = F n {c t \x)\c £ A, x £ R. In the sequel, we need a notion of 
boundedness to treat path-dependent functionals. 

Definition 2.4. We say that a family of functionals F = {F t ; 0 St t ^ T} is boundedness-preserving if 
for every compact subset K of R, there exist Ck > 0 such that |F.(c.)| ^ Ck for every c. £ D([0, •]; K). 
A family of functionals Fl x : A —> R; x £ R is state boundedness-preserving if for every compact sets 
K\ , K 2 C R, there exists a constant Ck 1 ,k 2 > 0 such that 

\H x (c.)\ < C Ki ,k 2 Vc € D([0, •]; K{) andWx £ K 2 . 

Let us now introduce the following hypotheses 

Assumption Al: 

(i) The family of functionals {F v ;y £ R} is state-dependent A-continuous and state-boundedness- 
preserving. 

(ii) x h->- Ff{c t ) is a continuous map for every c £ A and t £ [0, T\. 

(iii) x Ff(ct) has weak derivative for every c £ A and t £ [0, T\. 
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Assumption A2: For each y £ R, T v has horizontal derivative V h F y (c) Vc £ A. Moreover, the 
family {W h F v ;y £ R} is state boundedness-preserving. The map y i—x V h Ff(ct) is continuous for 
every c £ A. The family of functionals £ R} is state-dependent A-continuous. 

Throughout this paper, the weak derivative of x i-X Tf {cf) will be denoted by {\7 x F t )( x Ct) and we 
set 


V w F t (c t ) := (V™F t )( x Ct)\ x=c{t y,c G A. 

Of course, (V x F t )('c t ) G L z 1 oc (R) is uniquely specified by the property 

f Ft(ct)ip'(x)dx = - f (V™F t )( x ct)<p(x)dx-, c G A, 

M J 1R 

for every real-valued smooth function G C*(R). 

If Assumptions Al.(iii) holds, then F™('ct ) G C°°(IR) Vc G A,f G [0,T],n ^ 1 and integration by 
parts yields 


v^r Ct )= / 

JR 

Moreover, the vertical derivative of functional mollification is given by 

V^F t "(c t ) = ViF?(*ct) U =c(t) 

for V = 1,2. To compute the horizontal derivative of modifiers, the following simple lemma will be 
useful. 

Lemma 2.1. Let A be a parameter set, and let f : A x R —>• R be a function, continuous on the 
second variable and such that for each a G A, there exists the right derivative V+/(a, i);iGl which is 
bounded on Axl. Suppose for each (a, x) G Axl, there exists a x G A such that f(a, x+h ) = f(a x , h ). 
Then, the ratio F a ^ x + h j-f( a , x ) bounded over A x R x R + . The analogous result also holds for the 
ratio f( a > x ) unc [ er boundedness condition on V _ /(a,x) over A x R. 

Proof. Let us fix an arbitrary pair (a, x) G A x R and we define the set 

Ft (a, x) = {h > 0 : |/(a, x + h) — f(a, x)| < Ch}, 

where (7=1 + sup og _4 lER |V+/(a, x)\. The set H(a,x) is closed and it contains a closed interval 
[0,l a ,x\- Let L aiX be the length of the maximal interval of the form [0, l a ,x] contained in H(a,x). 
Suppose L atX < oo. Take h = L a ^ x +k, where k G H{aL a<x ,x), and az, is such that f(a,L a:X + y) = 
f( a L„, x ,y ), y G R. We have 

|/(a, x + h) - f(a,x)\ ^ |/(a, L a ,x + £ + fe) - f(a,L atX + x)| + |/(a,L a;X + x) - /(a,x)| 

= |/(aL 0 ia ,,a; + k) - f(a La x ,x)\ + |/(a,x + L a , x ) - f(a,x)\ < Ck + CL a ^ x = Ch. 

Thus, L ajX is not maximal and we have a contradiction. This implies that L a>x = oo and therefore, the 
ratio f( a ’ x+h t~f( a ’ x ) j s bounded on A x R x R + . The proof for the ratio related to the left-derivative 
is obviously the same. □ 

Remark 2.2. Lemma f 2 . 1 1 also holds for functions / : A x [A, B] — > R, where [A, R] C R. Indeed, 
extend the function / to the whole real line by setting /(a, x) = /(a, A) for x < A and /(a, x) = f{a, B) 
for x > B. 
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Remark 2.3. Note that the horizontal derivative V h F t (ct ) can be regarded as the right derivative 
V+F t+ 7 (c t)7 ) of the function 7 i-a F t+ 7 (c ti7 ) at point 7 = 0 , where the pair (t, c) £ [0,T] x A is 
interpreted as a parameter. The assumption /(a, x + h) = f(a x , h) in Lemma 12.II is interpreted in the 
setup of functional calculus as follows: 

^t+r/+h{(H, , y+h) = F(t+^)+h (c£+ 7 .Ii) • 

where Ct + 7 = e t . 7 . The same remark holds for the functional Ff(ct) with parameters ( t,c,y) £ 
[0, T] x A x U in some bounded open subset Ucl. 

Lemma 2.2. Assume that for each y £ R, T v is A-continuous, T v has horizontal derivative and the 
family {V h F v ~,y £ R} is state boundedness-preserving. Then, for each n ^ 1, t £ [0,T], and c £ A 
taking values in a compact subset of R, we have 


( 2 . 6 ) 


V h F?(c t )= [ p n (c(t)-y)X h F?(c t )dy = (p n *X h F t (c t ))(c(t)) 
Jr 


Proof. We fix t £ [0,T] and a path c £ A over [0,t] such that c(u) £ K;0 < u < t, where if is a 
compact set. We also fix n ^ 1. Indeed, by the very definition 


(2.7) 


F" +7 ( Ct , 7 ) - F t n (c t ) 
7 



■7f +7 (c t , 7 )-J?(c t ) 

7 


dy 


for 7 > 0. We claim that the ratio - — is bounded over (7, y) £ [0, T — t] x [c(t) — c[t)]. 

Indeed, we shall apply Lemma I77TI to the function 7 i-a J r f + 7 (c t)7 ) dehned on [0,T — t\ regarding 
y £ [c(f) — —,c(t)] as a parameter (see Remark 12.31) . From the A-continuity of F v , one can easily 
check that 

7 Ff +1 (c t:1 ) 

is continuous over [0,T — t\. Extend the function 7 1 —> Ff + (c* )7 ) to R by the constant values that it 
attains at the end points of [0, T—t]. As we already mentioned in Remark 12..'ll for each y £ R, the right 
derivative V+ Ff +1 {c t ^) at 70 is the horizontal derivative V /l JT( ) _ 7 o (c ti7o ) for 70 £ [0,T — t). By the 
state boundedness-preserving assumption, (c tj7 ) is bounded over [0,T — £] x [c(t) — A,c(t)\. 

Again, taking into account Remark 12.31 we conclude that we are in the situation of Lemma 12.11 
Bounded convergence theorem allows us to take the limit into the integral sign in m as 7 —> 0 
which provides (12.61) . This completes the proof. □ 


Lemma 2.3. If F is a non-anticipative functional satisfying Assumptions Al(i) and A2, then for 
each positive integer n Jz 1, we have 


(2.S) 

F t n (X t ) = F£(X 0 )+ [ X h F?(X s )ds 
Jo 

for 0 < t ^ T. 


V v F?(X s )dX(s) 



V v ’ 2 F?(X s )d{X,X](s) 


a.s. 


Proof. Let us fix n ^ 1 . By routine stopping arguments, we may assume that X is bounded. Hence, 
we shall assume that all paths c £ A take values on a common compact subset of R. First we show 
that F n is A-continuous. Indeed, by the very definition 

/ OO 

Pn(c(t) -y)F?{c t )dy. 

-OO 

Let us fix an arbitrary c £ A. The A-continuity of F n follows immediately from the state-dependent 
continuity of { F v ; y £ R} and the triangle inequality: 

[ | Pn(c(t) -y) - Pn(w(t') -y)\\F?(c t )\dy 
J K 


\F t n (c t )-F?(w t ,)\ < 
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+ [ \pn(w(t') -y)\\J^{ct) - J%,{w t ')\dy. 

J K 

for t«eA, where K is a compact set. By the very definition, 

W^F^ct) = n i+l [ p « (n(c(t) - y))J*{ct)dy, O^t^T 
J R 

for i = 1,2. Similarly, the A-continuity of V^F" follows immediately from the state-dependent 
continuity of {£F v ',y £ R} and the triangle inequality: 


|V^F t "(c t )-V^F t ?K0| < n i+1 ( p^( n (c(t)-y))~p^(n(w(t')-y) ^(^dy 

J K 

+ n l+1 f \p (z) (n(w(t') ~y))\\J^(ct) - J%,(w t ')\dy. 

J K 

By Lemma 12.21 and triangle inequality, 

(2.9) \X7 h F t n (c t )-V h F2(w t ,)\ < / \p n (c(t) - y) - p n (w(t') - y) ||' V h F?(c t )\dy 

J K 

+ / \p n (w(t')-y)\\V h J7(c t )-V h J^,(w t ')\dy. 

JK 

Estimate (EH), the local integrability of y >-» V /l Ff(c t ) and the state-dependent A-continuity of 
{XF v \y £ R} yield the A-continuity of \7 h F n . Hence, F" is C 1,2 . The functional Ito formula (see 
e.gHH, Cl) applied to the semimartingale X yields 


F?(X t )=F£(X 0 )+ f V h F?(X s )ds + f X v F?(X s )dX(s) + l f X v ’ 2 F?(X s )d[X,X](s) 
Jo Jo 1 Jo 


for 0 ^ t < T. 


□ 


3. Path-dependent Ito formula with singularity at random curves 

In this section, we will investigate a path-dependent Ito formula when the function x >->• (V™F t )( x Ct) 
is smooth off path-dependent continuous bounded variation curves. The typical examples we have 
in mind are non-smooth functionals of the running maximum/minimum found in path-dependent 
payoffs arising in Mathematical Finance. Obtaining this type of Ito’s formula was inspired by Elworthy, 
Truman and Zhao m who derived (non-path dependent) Ito formulas where singularities are encoded 
by deterministic bounded variation curves. See also Peskir [30]. At first, we remark that the classical 
occupation time formula also holds with path-dependent functions. We omit details of the proof which 
can be easily checked by well-known arguments. 

Lemma 3.1. Let X be a continuous semimartingale with the local time {£ x (t);x £ R, t ^ 0}. If 
h : It x [0, T] x R — > R is bounded and measurable, then for each ui £ LI, we have 

ft f OO ft 

/ h(s,oj,X(s,u))d[X 1 X](s,u}) = / da h(s, u>, a)d s £ a (s); 0 ^ t ^ T. 

J 0 J — oo J 0 

Let 7 = { 7 t ;0 ^ t ^ T} be a family of non-anticipative functionals such that for each c £ 
C([0,T];R), t M- 7 t (c t ) is a continuous bounded variation path. In the sequel, to keep notation 
simple, for a given M > 0, we set Cm ■= C([0,T]; [— M, M]) and 


Gm ■= {{t,x,c) £ [0 ,T] x [—M, M] xC M }. 




10 


ALBERTO OHASHI, EVELINA SHAMAROVA, AND NIKOLAI N. SHAMAROV 


Qm '■= {(ij^jc) G Qm]~M < x < 7 t (ct) or 7 t (c t ) < x < M}. 
r C) t := (-cx5,7t(c t )) U(7 t (c t ),+oo); c G Cm, 0 < t ^ T. 

Throughout this section, for a given c G Cm, we write X x F t ( x c t ) and V“F t ( x c t ) to denote the usual 
pointwise derivative and left derivative, with respect to x, respectively. The second left derivative will 
be denoted by V~’ 2 . Since 7 is non-anticipative, then j(X) is an adapted bounded variation process. 

Theorem 3.1. Let us assume that Al.(i,ii) and A2 hold and for each t G [0,T], the function x 1 —> 
Ft{ x ct) is C 1 on sets T Cjt for c G C([0,T];R), where X x F t ( x Ct ) is bounded on the set Q^ for every 
M > 0. We also assume that for each t G [0, T], there exist left and right limits of V x F t { x Ct) as 
x — > 7 t(cj)±. Furthermore, we assume that for any t G [0, T] and Ct G C([0,f],R), there exists the 
second left derivative \ 7 f' 2 F t ( x Ct) on T Cjt which is bounded on T Cjt n (—M, M) x Cm for every M > 0. 
Moreover, Vf’ 2 F t ( x Ct) has the left limit at 7 t(ct ) for each c G Cm- Finally, we assume that for any 
c G C([0,T];R), V x F t (^ c ^-c t ) — V x F t ( 7 t(ct)+ C4 ) is continuous in t. If X is a square-integrable 
continuous semimartingale, then 


(3.1) Ft(X t ) = F 0 (X 0 )+ I V h F s (X s )ds+ f VfF s ( x ^X s )dX(s) 

Jo Jo 

+ 1 f Xf' 2 F s ( x ^-X s )d[X,X}(s) + l f (X x F s 0^+X s )~ X x F s 0^-X s ))d s i°( S ) a.s. 

* Jo * Jo 

for 0 ^ t ^ T, where {T x (s); (x, s)Glx R + } is the local time of the semimartingale X := X — j(X). 


Proof. The proof uses some of the ideas from Corollary 2.1 of Theorem 2.3 in m- At first, we prove 
the result for the stopped process X RI where M is fixed. Let us fix t G [0,T]. Let F n be the modifier 
for F according to (1231) . Since functional F satisfies the assumptions of Lemma 12.31 formula (12.81) 
holds for F n (X M ). In the sequel, we will study the limit of each term in (12.81) as n —> 00 . By Al.(ii), 
F 7 (A t M ) F t (X t M ) a.s as n ->■ 00 . 


is a.s. 


STEP 1: Let us prove the convergence 

(3.2) / V h FJf(XM)ds^ f V h F s {X^)ds 

J 0 Jo 

Lemma 12.21 yields 

/ OO 

Pn (X M (s) - y)X h Fy(X™)dy; O^s^T. 

-OO 

By Assumption A2, y M- X h F^(X^) is continuous a.s.for each s G [0, T] and hence 


lim V /l F s n (A s M ) = X ,1 F xM{s \X xi ) = V h F s {X S M ) a, s; 0 < s < T. 

n—t 00 

From Assumption A2, {V h F v ;y G R} is state boundedness-preserving. Then, bounded convergence 
theorem yields 


lim [ V h F n (X™)ds = l X h F(X™)ds a.s 
n ^°°Jo Jo 

STEP 2: Next, we will prove that 

rt rt 

(3.4) / X v F™ (X XI )dX M (s) / VfF s { xM ^X™)dX M {s) inL 2 (P) 

Jo Jo 

as n —>• 00 . Firstly, we will show that under the assumptions of the theorem, for each fixed (t, c, x) G 
Qm, V x F"( x Ct) converges to V”F t ( x c t ) as n —> 00 . Fix a path c G C([0,f];R). At first, one should 
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notice the left derivative V x . F t ( x c t ) is well defined for x = 7 t(ct). Indeed, we shall represent the 
functional F t ( x Ct) in the following form 


(3.5) F t (*ct)=F t (cf,x) + F t (cf,x ) 

where 

F t {cux) := + (X x F t ^~c t ) - V x F t C^+c t ))(x - 7 t (c t )) + , 

F t (c t ;x) := (V x F t C^+c t ) - X x F t (^~c t )){x - lt {c t ))+. 


It is easy to see that the function x >-» F t (c t ; x ) is C 1 in x £ [—M, M], But on [— M, 7 c (£)], F t (c t ; x ) = 
F t { x c t ). Hence, X~F t ( x c t ) exists at the point x = 7 t (ct), and therefore, everywhere on [— M, M], 
From the assumptions of the theorem, it is also clear that V~F t ( x c t ) is bounded on Qm- Thus, we 
verified the assumptions of Lemma POl with respect to the function h F t { x ~ h Ct) with (t, c, x) being 
a parameter. This implies the boundedness of the ratios (F t ( x c t ) — F t ( x ~ h c t ))/h. Hence, Lebesgue’s 
bounded convergence theorem yields V x F"( x c t ) is the modifier for V“ F t ( x c t )'- 

(3-6) V x F t n ( x c t )= f P (y)V-F t ( x -%c t )dy. 


Jo 

From the assumptions of the theorem and the existence of X~F t ( x Ct) at x = 7 t (ct), we know that 
x I-?- V x F t ( x c t ) is left continuous. By the boundedness of X~F t ( x c t ) on Qm and its left continuity in 
x, we obtain that for each ( x,t,c ) £ Qm, X x F^{ x c t ) —> V x F t ( x c t ) as n —» 00 by Lebesgue’s theorem. 

Next, since X~F t { x c t ) is bounded on Qm, its mollifier S7 x F™{ x ct) is bounded on Qm by the same 
constant. In particular, there exists C such that = | X x F™( x ^ C for every 

(w, s) £ Ql x [0, i]. Now the .^-convergence (13.41) is implied by the semimartingale decomposition, Ito’s 
isometry, and the bounded convergence theorem. 

In the sequel, to shorten notation we write [X M ] = [X M , X M ], 


STEP 3: Lastly, we investigate the limit of \ f* V v ’ 2 FJ l (X^ 4 )d[X M ](s) as n —> 00 . By applying 
mollification (12.51) in (13.51) . we obtain F™( x c t ) = F™(ct\x) +F”(ct;x), where F^{c t \x) := {p n * 
F t (c t ;-))( x) and F?(c t ;x) := (p n * F t (c t ; -))(x). Let us define F t n (c t ) := F t n (c t ;c(f)) and F t n (c t ) := 
F™(c t ; c(f)). We have: 


(3-7) 5 


v”' 2 FZ(x")d\x M \(,) ='-f xr’’ 2 K(x")d[x M \(,) +1 jf v”' 2 f,”(x, m mx m ](s). 


Note that F t (ct,x) is C 1 in x on Qm and the map x >-» V x F t (ct',x) has on Qj t a bounded left 
derivative X~X x F t {ct',x). By Lemma 12.11 and Remark 12.21 x i-» V x F t n (ct,x) is the mollifier for 
x i-> X7~V x F t (ct,x) on [— M, 7 t (ct) — e] for any sufficiently small e > 0, i.e. 


(3.8) 

^lKi.c t -,x) = [ p(y)S7 x V x F t (ct-,x--)dy= [ p(y)X~’ 2 F t ( x -i c t )dy, x £ [—M, 7 t(c t ) — e\. 

Jo n Jo 

By assumption, x i-A V~’ 2 Ft( x c t ) is bounded on r C)t and its left limit exists at x = 7 t(c t ). This 
implies that (13.81) holds for all x £ [—M, 7t (c t )]. We note also that (13.81) holds for x £ + ^,M] 

whenever n > m and m is fixed arbitrary. By Lebesgue’s theorem, we pass to the limit in (13.81) as 
n —>■ 00 while x £ [— M, 7t (c t )] U ( 7 t(c t ) + ^,M] and (t,c) £ [0,T] x C([0,T],R) are fixed. We obtain 
that for (x,c,t) £ [-M, 7t (c t )] U ( 7t (c t ) + ^,M] x C([0,T],R) x [0,T] 

lim V 2 x F t n (c t ;x) = V-’ 2 F t ( x -c t ). 

n—> 00 

Since m is fixed arbitrary, the above equality holds for all (x, c, t) £ Qm- 
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Therefore, we have 


lim V v ’ 2 F t n (X t M ) = X-’ 2 F t ( xMw ~X t M ) as, 


and 


/ '\7 v,2 Fg (X^ r )d[X M \ (s) -A [ X~' 2 F s { xM X^)d[X M ]{s) a.s. 

Jo Jo 

by bounded convergence. 

Let us investigate the convergence of the last term in (13.71) . It is convenient to introduce the 
following notation: We define 7 M (s) := 7 «at m (^s W ) and X M (s) := X M {s) — 7 M (s );0 ^ s < T. Let 
Ps(x) be the modifier of (x — 7 M (s)) + according to formula (12.51) . and let <p n (x) be the modifier of 
x + . It is easy to verify that <p™(x) = tp n (x — 7 M (s)). Therefore, 

F t n (X t M -x) =(XF t (y M W+X t M ) - XF t (y M W-X t M ))tf(x) 

=(VL 1 t ( 7 M(t)+ X t M ) - S7F t (i M ^-XM))v n {x - 7 M {t)) as. 

Note that X x ip n (x) = p n (x — y)H(y)dy, where FI is the Heaviside function, and that X x ip n (x) = 
Pn(x — y)dH{y) = p n (x). Note that since 7 .(X.) has continuous bounded variation paths, then 
[. X M ](s) = [AT M ](s) a.s;0 < s < T. 

Now let £ x m be the local time of X M . By Lemma I3TT1 we obtain: 

\ fv'’’ 2 F2{X™)d[X M ]{s) = \ (\ 2 x F:{X^,X M {s) + 1 M {s))d[X M ]{s) 


dx X 2 x F?(X™;x + 1 M (s))d s £ x M (s) 


' —oo J 0 


/ OO ft 

Vlv n (x)dx / (V x F s C M ^+X AI )~X x F s C M ^-X™))dJ x M (s 

-oo J 0 

-| p OO pt 

- / Pn (x)dx / (X x F s C M ^+X XI )~V x F s C M ^-XM))dJ x M (s) 

Z J- 00 Jo 

\ f\vxF B (? M M+X?) - X x F s (y M W-XM))d s I° M (s) as. 


asn-> 00. 


The above computations imply formula (13.11) at time t A Tm- Letting M go to infinity, we obtain 

(HTTP . □ 


The most simple application of Theorem 13. II is a pathwise description of the running maximum. A 
version of this formula appeared in Dupire m but without a rigorous proof. 

Example 3.1. Let us apply formula (13.11) to the running maximum F t (ct) = max s e[o,t] c ( s )i c S A. 
One immediately verifies that F satisfies the assumptions of Theorem 13.11 Let us compute each 
term of (EU). We have: V h F t (X t ) = 0, V~F t ( x X t ) = 0 if x < F t (X t ) and V x F t { x X t ) = 1 if 
x > F t (X t ). In particular, V~F t ( x ^X t ) = 0. Next, for 7 t {c t ) = F t (c t ), one can easily check that 
for each c £ C([0,T];R), the function x i-A F t ( x c t ) is C 1 for x £ (—00,7 t (c t ) U (7* (<7),+00) and 
V~ , 2 F t ( x Ct) = 0 in this open set. Finally, we notice that V x -F t ( 7 t ( x *) + At) — V x F t (' yt ^ Xt ' , ~X t ) = 1 for 
all t £ [0,T]. By formula (13.11) . 

sup X(s) = X(0) + 

O^s^t 1 

where t is the local time of the semimartingale X(t) — sup 0 ^ s<t X(s); 0 ^ t ^ T. 

Let us now apply Theorem 13.11 to concrete path-dependent functionals arising in Mathematical 
Finance. 
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Example 3.2. Similar to exairrole l3.ll we shall also consider the payoff decomposition of a standard 
lookback option with fixed strike K (see e.g Kwok [2S] for further details). For a given constant K > 0, 
we consider F t {c t ) = (sup 0 ^ s ^ t c(s) — K) + for c £ A. In this case, a straightforward application of 
Theorem 13.11 yields 

f sup X{s)-k) + = (Y(0) -K) + + b°(f);0 sj t < T 

where i is the local time of the semimartingale X(t) — max{sup 0 ^ s<t X(s); K}; 0 ^ t ^ T. 

Example 3.3. For each non-negative path c £ A, let us consider 

F t(ct) = (c(t) - A inf c(s)) + 

1 0 

where A > 1 and 0 ^ To < T are arbitrary constants. This functional is the payoff of the so-called 
partial lookback european call option which allows lower investments than derivative contracts based 
on the payoff given in Example 13.21 (see e.g [2S])- Let us now apply Theorem 13.11 to give a novel 
representation for this payoff. For simplicity, we set Tq = 0. Indeed, Al (i), Al(ii) and A2 hold 
where S7 h Ff(ct) = 0 for every x £ R+ and a non-negative path c £ A. By the very definition 
of F, it is apparent that the bounded variation functional which encodes the whole singularity is 
7t(ct) = A info^ s ^t c(s); 0 < t < T. Moreover, V”F t ( x c t ) = 0 if x < 7 t (c t ) and S7~F t ( x Ct) = 1 for 
7 t(c t ) < x. In particular, V - F t ( x<F >X t ) = l{x(t)> 7 t (x t )}; 0 < t < T. Moreover, V x F t ( x c t ) = 0 if 
x < 7 t (ct) and X x F t ( x c t ) = 1 if x > 7 t (c t ). In particular, V~F t ^°^~ct) = 0, V“Ft( 7 t(ct)+ Ct) = 1 
and V~’ 2 F t ( x c t ) = 0 over (—oo, 7 t (c t ))U( 7 t (c t ), + 00 ). Finally, if X is a non-negative square-integrable 
continuous semimartingale, then applying formula m, we get 

(X(t) - A ini [X(s)) + = f 1 {x{s)>M)} dX(s) + i/°(t); 0 < t < T, 

where I is the local time of the semimartingale X (t) — A info^ s ^ t X(s); 0 < t < T. and ((1-A)Y(0)) + = 

0 . 

4. (p, g)-BIVARIATIONS AND FUNCTIONAL ITO FORMULAS 

In this section, we provide an Ito formula in the sense of Young in the path-dependent case. We 
refer the reader to the seminal work by Young [35] for a full treatment of double Lebesgue-Stieljes-type 
integrals for unbounded variation functions. For a more simplified presentation, see e.g Ohashi and 
Simas 1251 . 

Before presenting the main results, we recall some basic results from deterministic double integrals 
in Young-sense ES- Recall that if / : [a, b\ —>• R is a real-valued function and p ^ 1, then 

ll/llfa,6]; P : = SU P “ f( x i-i)\ P < 00 

n xien 

where sup is taken over all partitions II of a compact set [a, b] C R. The following notion is originally 
due to Young [35] and it will play a key role in this section: 

Definition 4.1. We say that h : [a, b] x [c, d] —> R has (p, q)-bivariation for p, q ^ 1 if 


and 


IH|l;p : = SUp ||/l(-,yi) - /l(-,y 2 )||[a,b];p < OO, 

yi,V2 e[c,d] 2 


\\h\\2-q~ sup \\h(xi,-) - h(x 2 ,-)\\{c,d];q < OO. 
xi,X2 £[a,b] 2 

The importance of (p, g)-bivariation lies in the following result, which is a particular case of Theorem 
6.3 due to Young [35) . 
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Theorem 4.1 (Theorem 6.3 [35]). Let h,G : [a, b] x [c, d] —> R be two functions, where h vanishes 
on the lines x = a and y = c and has bounded (p, q)-bivariation, and G satisfies \AiAjG(xi,yj)\ < 
C\xi - Xi-i\ l / p \yj - yj-i\ 1/q , for some constant C > 0, and p, q ^ 1. If there exists a £ (0,1) such 
that 

a/p+l/p> \ and (1 — a)/q + 1 /g > 1 , 
then, the 2D Young integral h(x,y)d( XiV )G(x,y) exists. 

Remark 4.1. We stress that there exists a related literature on 2D-Young integral based on joint 
variations (see e.g Friz and Victoir [211 I22| ) and related norms (see e.g Towghi [33] 1. rather than the 
bivariation concept. Indeed, one can check that ||/i||i ;p ^ ^’LicilW and ^ -RVj®’ 'L x r c d i(ft) 

and these inequalities may be strict. See Section^ for the definition of the norm RV. 

Remark 4.2. In general, we only know that generic continuous semimartingales admit local times 
with finite (1, 2 + S)-bivariation (for every S > 0) rather than joint variation (see Lemma 2.1 in Feng 
and Zhao mu- In some particular cases, the local time of a semimartingale admits joint variation. 
See Section^ for details about symmetric stable processes. 

4.1. Functional Ito formula. Throughout this section, 5 > 0 and p,p,q ^ 1 are constants such that 
L + A- > 1 and there exists a £ ( 0 , 1 ) such that 

1 , , (1-a) 1 , 

a H — >1 and - -+ H— >1 

p 2 + 6 q 

Lemma 4.1. Let p : LI x [0, T] x R —» R be a stochastic process such that (t,x) i-A X 2 p(oj,t,x) £ 
C([0,T] x R; R) for each w £ Yl and V 2 p is bounded on Yl x [0,T] x [—M,M] for each M > 0. Then, 

fx 2 x p{s,X M (s))d[X M ,X M }{s) = [ ( V 2 Ms,y)d s £y(s))dy 

Jo Jr'Jo ' 

rtATM r 

(4.1) = - / V x p{s,x)d( S:X )l x {s) a.s 

J o Jr 

for 0 ^ t ^ T. In 14-1\ ), the double integral is interpreted as a 2D Young integral in the sense of [35] , 

Proof. Let us fix M > 0, t £ [0,T] and u> £ Yl. In the sequel, we omit the variable lo in the 
computations. At first, we recall that if X 2 x p : Yl x [0,T] x —> M is bounded, then Lemma 

13.11 yields 


pt p ptATM v 

(4.2) / V 2 x p(s,X M (s))d[X M ,X M }(s) = / ( / X 2 Ms,y)d s I v {s))dy. 

Let 0 = < ... ^ t m +i = t A Tm and — L = x\ < xi < ... < x n +i = L where \—L,L\ is 

a compact set. Let us fix w £ Yl. Since the local-time has compact support, we stress that we can 
always add some points in the partition in such way that £ Xl ( tj,u>) = 0 and f*+‘ (tj. uj) = 0 for every 
j = 1,... ,m. To keep notation simple, we write p = p(ui) and £ = £(u>). Mean value theorem allows 
us to argue just like in Remark 1 in E to get the following identity 

(4.3) 

m n m n 

EE V x p(t j ,x i )(A j £ Xi+1 (t j+1 ) - Ai£ Xi (tj +1 )) = - EE ^x + 1 Ui)^j£ 1+1 x i) 

2=1 j= 1 2=1 j= 1 

where Xi < yi < Xi+\;i = 1 ,... ,m. Let K be the compact support of i 4 £ X (T). We notice that 
the function x J2j ‘Pttji X )^j£ x (tj+i) is cadlag and hence almost everywhere continuous. The 
boundedness assumption yields 
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lim lim V' V X 2 x p{tj, j/*)A -,£ Xi+1 (^+i)(x i+ i - Zj) 

n—too m—too z —' z —' 

*=i i=i 


From (14.311 . we conclude the proof. 





V 2 </?(s, x)dl x s dsdx. 


□ 


Let us now assume additional hypotheses on the functional F to shift quadratic variation to local¬ 
time integrals. 


Assumption B: The spatial weak derivative (X x F t )( x Ct) satisfies: For every L > 0, there exists a 
constant C such that 


(4-4) I A* Aj- (V x F ti ) ( Xj c ti ) | < C\U - 

for every partition {ti}fL 0 x {x.j}jL Q of [0,T] x {—L,L\ and c G C([0,T];R). Moreover, 

(4-5) sup ||(V“Ft)(’ct)|| [ _i i £ ];p < oo 

O^t^T 

for every c G C([0, T];R). 

In the sequel, we provide a mild hypothesis to get convergence of local-time and stochastic integrals. 

Assumption C: We assume piecewise uniform left-continuity in the following sense: For every e > 
0, M > 0 and c G C([0, T]; [— M,M ]) there exists {zj}"jg 1 , — M = xq < X\ < ... < x n < x n+ i = M 
such that 


sup \{VyF t )( v c t ) - (X x F t )( x c t )\ < e 

0 


whenever xq ^ y ^ x ^ x\ or Xi < y ^ x ^ Xj+i; i = 1 ,..., n. 

An immediate consequence of Lemma 14.11 is the following remark. 


Corollary 4.1. If F satisfies Assumptions Al(i) and A2, then for each M > 0 and n ^ 1, 


nt ptATM i rt/xiM r 

F t n (X t M )=FZ(X™)+ V h F?(X™)ds+ X v F?{X s )dX{s)-- V x F^{ x X s )d M l x {s) 

Jo Jo z Jo 4k 

a.s.for 0 ^ t. ^ T. 


ftKTM 


Proof. Let us fix M >0 and n ^ 1. In one hand, p^ has compact support and X X M G Z)([0, T\; [— M, M]) 
a.s, then we shall use Assumption Al(i), to state that (u,t,x) >->■ X7 2 x Ff ( x X^ 1 {u)) is a bounded mea¬ 
surable process on It x [0,T] x [ M,M}. On the other hand, V t ’’ 2 i 7 ’"(A t M ) = V 2 Ff l ( x X^ r )\ x=X M (t) so 
that (ED in Lemma |4. 1 1 yields 


nz rtATM r 

/ V"' 2 F;(Af)d[A M ,A M ]( s ) = - / Vx F;rxf)d (s , x) ^( S ) 

Jo Jo Jr 

ptATM r 

= - / V x FZ{ x X s )d {s , x) i x {s) a.s ; O^t^T. 

Jo J R 


Lemma 12.31 allows us to conclude the proof. 


□ 
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Now we are able to present the main result of this section. It extends na in the context of 
path-dependent functionals as well as Th. 8.1 in m in the context of generic semimartingales. In 
particular, it complements the results given in section [3] when x >->• (VJf.Ft)( x Ct) has bounded variation. 

Theorem 4.2. Let F be a functional satisfying Assumptions Al, A2, B and C. Then 

(4.6) 

pt rt -j /*+oo rt 

F t (X t ) = F 0 (X 0 )+ / X h F s (X s )ds + X w F s (X s )dX(s)-- / (V™F s )( x X s )d {s>x) t x (s) a.s 
Jo Jo ^ J -oo Jo 

for 0 ^ t ^ T. 

Proof. Let M > 0 be such that supp p C To keep notation simple, we set tju '■= t A Tm- 

At first, we claim that the following convergence holds 


ptM r ptM r 

(4.7) / / V x F n ( x X s )d {StX) e(s) -»■ / / (V™F s )(*X s )d M e x (s) 

Jo J[-M,M } Jo J\-M,M] 


— M,M] 


almost surely as n —> oo, for each t £ [0,T], Indeed, by making a change of variable 


(4.8) V x F t n (*X t ) - (V™F t )(*X t ) = J p(z) {(V%F t )(*-‘/ n X t ) - (V™F t ){*X t ))dz a.s 

for every (t,x) £ [0,T] x [— M, M], Let us fix ui £ f2. By Assumption C, we then have 


(4.9) sup \X x F?{ x X t {u))-(y™F t ){ x X t (u))\ ^0 

(x,t)e[-M,M]x[0,T] 

as n —> oo. Moreover, for any partition {ti}fL 0 x {xj}£L 0 of [0, £] x we have 

/ M 

pWlAjAiWZFt^-iXtJldz a.s. 

-M 

Let us now fix an arbitrary partition {ti}f^ 0 x {xj}jL 0 of [0,f] x [— M,M\. Let V[-q,q] be the set 
of all partitions of the interval [—Q,Q\ for 0 < Q < oo. We notice that for each 2 £ [0, M] the set 
{xj — z/n\j = 0,..., N'} is a partition of [— M — z/n, M — z/n\. In particular, [— M — £, M — £] C 
[-M — + -^4] for every z £ [0, M] and n ^ 1. Then we shall find a compact set [— 2M, 2M] 

such that [—M — + ^] C [— 2M, 2M] Vn ^ 1. More importantly, we shall add finitely many 

points in the set {xj — z/n\ j = 0,..., M, z £ [0, M]} in such way that this can be viewed as a subset 
of 7 ? [_2M,2M]. A similar argument holds for z £ [— M, 0]. Therefore, Assumption B and (14.101) yield 
the existence of a positive constant C which only depends on M > 0 such that 


/ . M 

P( z )\AjAi(y x F ti )( Xj -nX ti )\dz 

-M 


|l/9 


(4.11) ^ C\ti - ti-i\ L/p \xj - Xj-tl 

for every n ^ 1. Let us fix ui £ f2* and t £ [0, T], where P(fl*) = 1. We may suppose that = 0 

and we obviously have t( 0,w) = 0. Then, we shall apply Th 6.4 in Young [Mj to state that 


( 4 . 12 ) 


ptM(u) P plM{U) /* 

/ / £ x (Lu,s)d M V x F?( x X s (cu))^ / / e x (Lj,s)d M (V™F s )( x X a (uj)) 

Jo JJo J 


t M (u) 




— M,M] 
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as n —> oo. Moreover, 


[ M 

&jVxF? u(u) (**X tMlu) (w)) = / p(z) (V-F tMM )(^-V"X tMM ( w )) 

I-M 




dz 


Since f Q p(z)dz = 1, we shall apply Jensen inequality to get 


l~M 

(4.13) / IA ,(V^F tM(Lj) )^-^X tMH (o J Wp(z)dz 

J-M 


The same argument used in (14.1111 also applies here. In this case, by applying (14.51) into (14.131) . we 
can find a compact set [—Q,Q] such that 


N 

E 

1=0 




p ^ 


r M N 

£ 


l-M 


I A J (V-F tMM )(^-^A tMM ( w ))rp(z)dz 


i=o 


(4.14) ^ 

for every n ^ 1. Estimate (14.141) yields 


l‘M 

J m ll(v:^ M M)C^ M HM)llf_Q >Q];p ^)^ 

||(V™F tM(aj) )CA tM(aj) H)||f_ QQ];p 


(4.15) IIV^ MM C^ M H(^))llf-M,M ]; p < ll(V: J F tM M)('^ MM H)||f_ QiQ];p 

for every n ^ 1. Estimate (14.151) together with (14.91) allow us to use Proposition 6.12 in e.g P0Q to get 


(4.16) 

/ f(f M (a J ))d I V I F; M(u) fl tMM H) / f(f„( W )) ( i x (V:F tM(u) )( I X t „ H ( W )) 

J [— M,M] 

as n —1 oo. By writing 


rtM{u) pM 

/ / 

JO J—M 


V x F?( x X s (u))d M t x (s) 


rt M (u) 


[—M,M] 


r( W , S )d (s>x) V,F;rA s ( w )) 


- / r(t M M)4v K F- MM rA tMM H) 

and using (14.161) and (14.121) . we conclude that (14.71) holds. From Assumptions Al(ii), we know that 
linin-^oo F t n (A t M ) = F t (X t M ) a.s; 0 ^ t ^ T. From Corollary 14.11 it only remains to check that 


(4.17) 


\7 h FI 


(X?)d 


V /l F s (Xf )da 


pt-M pi M 

(4.18) / V^(A s )dX(s) ->■ / V w F s (X s )dX(s) 

Jo Jo 

in probability as n —1 oo. We have already checked that convergence (14.171) holds in the proof of 
Theorem 13.11 
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From dm we know that for each w G fi 


as n —> oo so that 


sup |V^ n (X t (u;)) - V w F t (X t (u>))\ 0 

0 <t<T 


ftM 

/ | V v F?(X a ) - V w F s (X s )\ 2 d[X,X](s) -»■ 0 

Jo 

in probability as n —> oo. This shows that (14.181) holds. Summing up the above result together with 
Corollary 14.II we get 


pt pt]/l | pM pt m 

Ft M (X tM ) = F 0 (X 0 )+ X7 h F s (X™)ds+ X w F s (X s )dX(s)-- / (V™F s )(*X s )d {s>x) t*(s) 

JO Jo z J-M Jo 

a.s.for 0 ^ t ^ T. By letting M —> oo and using the fact that (x,t) i-a l x (t) has compact support a.s, 
then we recover (Ulil) . □ 

Example 4.1. We consider an example studied by Leao, Ohashi and Simas m given by 

F t{ct)= / <p(c(s),y)dsdy;0 ^t^T, 

J — oo J 0 

for c G A, where p : M 2 —> R is a two-parameter Holder continuous function satisfying the following 
hypotheses: 


(i) For every compact set K C R, there exist constants Mi and M 2 such that for every a,z G K , 

I <p(a,x) - <p(a,y)\ ^ M^x - y| 71 , 

and 

\<fi(c,z) - <p{d,z)\ < M 2 |c — d| 72 , 
where 71 G f 1 , 72 G (0,1] and <5 > 0. 


(ii) For every compact set V\ C R there exists a compact set V 2 such that {x;tp(a,x) ^ 0} C V 2 for 
every a G Vi. 


(iii) For every continuous path c G C([0, T]; R), Jj 0 T , R \p(c(s), y)\dsdy < 00 . 

This example was studied in |27l in the Brownian filtration context where the authors show that it 
is a weakly differentiable process. One can easily check if (i, ii, iii) are in force, then this functional 
satisfies the assumptions in Theorem 14.21 In particular, if X is a continuous semimartingale, the 
following decomposition holds 


F t (X t ) = E 0 (X 0 ) + [ [ <p(X(r),X{s))drdX{s) + [ f p(X(s),y)dyd. 
Jo Jo Jo J- oo 


/0 Jo 

pt /*+ OO pS 


t ,V( S ) 

0 J—oo 


1 / p s 

0 / / / ( p( x ( r )> x ) drd (s,x)t x ( s Y> a - s ,° < t < T - 

z JO J - 00 Jo 


/0 J — 00 Jo 

One can also think in more general functionals of the form 


c(i) 


Z t (ct; y)dy; c G A 


where Z = {Z t {-\x) : C([0,t];M) —> R; x G R; 0 ^ t ^ T} is a family of functionals with suitable 
two-parameter Holder regularity. See Example 15.21 
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5. Functional Ito formula for symmetric stable processes under joint variation 

CONDITIONS 


In this section, we investigate Ito formulas under different (and somewhat weaker) assumptions 
from the particular 2D-control given by (S3) in Assumption B. In the language of rough path theory, 
assumption (TO precisely says that if q = p = fj then V x F t ( x X t ) admits a 2D-control w([ii,i 2 ] x 
,X 2 ]) = |ti — ^ 2 1^|a?i — £ 2 | ? so that (14.41) trivially implies that (t,x) ha X x F t ( x X t ) has (/3,/3)-joint 
variation in the sense of Friz and Victoir m- If the semimartingale local time {£ x (t);—L ^ x ^ 
L,0 ^ t ^ T} admits joint variation over compact sets [—L,L] x [0,T] a.s. (see Definition 15,11) . then 
63 and 63 in Assumption B can be weakened to more general types of controls. 

To our best knowledge, it is only known that local-times associated to general continuous semi¬ 
martingales admit finite (1, 2 + <5)-bivariation a.s.for any <5 > 0. This result is due to Feng and Zhao 
m- In the sequel, we study joint variation of local-times of semimartingales in the following sense. 


Definition 5.1. Let p,q,r, s E [l,oo) ; —00 < ai < <12 < +00 and —00 < bi < 62 < 00 . A function 
H : [ 01 , 02 ] x [ 61 , 62 ] —t R has joint right finite (p, q)-variation when 


RV WMx[b,M^ :=sup 


E[E A, A , Hit,.x! )| p 
. i =1 j =1 


< 00 . 


It has joint left finite (r, s)-variation when 


T I/ r ’ s 

[01,02] X [bi ,62] 


(H) := sup 


-3 =1 »=1 


< 00 


where sup varies over all partitions 7 r := {ai = ti ^ t 2 ^ ^ t n = 02 } x {61 = xo ^ x\ ... < x m = 

62 } of [ai,a 2 ] x [ 61 , 62 ]. 


See Towgui [32] for more details on this variation concept. When p = q, this type of variation has 
been studied in the context of Gaussian rough paths (see e.g 0 and 0). The following result is an 
immediate consequence of a fundamental estimate due to Marcus and Rosen m in Lemma 3.3. 


Lemma 5.1. Let X be a real-valued symmetric stable process with exponent 1 < f) ^ 2. Then for 
every natural number p ^ 1, there exists a positive number C wich only depends on (/ 3,p ) such that 


(5.1) r (*) - t y (t) - (£ x (s) - £ y {s)) || i2p(p) < C\x - yf^\t - s| V 

for any list of numbers (t, s, x , y) E R+ x R 2 . 

Proof. From Lemma 3.3 in [55], we know there exists a constant C > 0 which only depends on (p,/3) 
such that 


(5.2) (E| l x (t) - e y (t)\ 2p ^j 2P < C\x - y\ ( V)fV 

for every (t,x,y) E R + x R 2 . Let 9 t : D —> D be the standard shift operator defined by the relation 
Y o 9 t := Y(9t)',t ^ 0 for any random variable Y. Since X is a Markov process, then we know that 
the associated local-time process {-P(i); (x,t) E R x R+} is an additive functional. Hence, by using 
the Markov property and (15.21) . if ( s,t,x,y) E R+ x R 2 , then 

= E| £ x {t) - l y {t) - £ x {s ) + ^(s)| 2p o 9 S 


/ +00 

E| £ x ~ v {t-s) 

-OO 


£ y - v (t-s)\ 2p F x{s) (dv) 


\\e*{t)-F(t)-(e*{8)-e»{8)) ||^ (P) 
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C\x - y\ ( ^ )2p \t - s\ ( ^r )2p 

where Px(s) is the l aw of X(s). 


□ 


We are now able to show the following result. 

Lemma 5.2. Let X be a stable symmetric process with exponent 1 < /3 ^ 2 . Then for every 
compact subset [—L,L\ C R, the associated local time process £ of X satisfies flC'-nxi -l l]C 0 + 

LV \o l]W < 00 a ' s • f or an y ai > an d a 2 > /g-T- 

Proof. Let us fix a compact set [—L,L\ C R and let p J 7 1 be an arbitrary positive integer. Theorem 
3.1 from m and Lemma O imply that for every 71 and 72 satisfying 


(5.3) 


71 < 


- 1 


1 

2 p 


and 72 < 


/ 3-1 


1 

2 P 


2 2p " ' 2/3 

there exists a non-negative random variable C p (ui), which depends on p , such that 
(5.4) \P(u,t) -P(w,t) - < C p {u)\x-y\^\t- s[» 

for every s, t G [ 0 , T] and almost all ui G fl. In other words, for each pair of positive constants 71 and 
72 satisfying 


71 < 


/3 —1 
2 


and 


72 < 


/3 —1 
2/3 


there exists p Js 1 which realizes (15.31) and a non-negative random variable C p (uj), depending on p, 
such that (15.41) holds. 

Now let (ai,a2) be any pair of numbers satisfying aq > -Jzj and a-i > ifzj- Inequality ( 15 . 41 ) 
is fulfilled for 71 = af 1 and 72 = af 1 and for a non-negative random variable C p (lj). For a given 
partition, it = {—L = xq < x\ .. . < x m = L} x {0 = ti < <2 < ... ^ t n = T} of [—L,L\ x [ 0 , T], we 
then have 


Y, |A,A< 2LC P M“ 1 |t l -ti-rp 01 , 

3=1 


and hence, 




^ ( 2 L) “1 T"2 C p (ui) for almost all w G f 2 . 


*=1 3=1 

This shows that L L dl) < 00 a.s. for any oq > and «2 > 77-7- The above argument 

also shows that L ](£) < 00 a.s. This allows us to conclude the proof. 


□ 


In the sequel, we denote A f(t, s; x, y) := fit , x)-f{t , y) - (/(s, x)-f(s, y)); (t, s, x, y) G [ 0 , T] 2 xR 2 . 
A routine manipulation yields the following interpolation result. We omit the details of the proof. 

Lemma 5.3. Let f : [ 0 ,T] x [—M,M] — » R be a function such that LVZ%] X [_ M M i(/) < 00 f or 
a, b 3 s 1 . If a < a' and b' = —b, then 


lv: 


a' ,b' 


[0,T] x [—M,M] 


(/)< 


sup 

t,se[0,T]-,x,ye[—M,M] 


|A/(t,s;x,y)|^ sup 


m n 

Y [5Z \ A i A jf( t i’ X j)\ a 


Lj=l i= 1 


1 

V 
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Similarly, if RV^'^ x [_ M M ] (/) < 00 f or ^ 1 and p < p' and q' = f/ien 


^foTlxf— mmi(/) < SU P |A/(M;x,y)|^ sup 

ME[0,T];x,2/G[-M,M] tt 


n m 




i=i i=i 


where sup varies over all partitions tt := {0 = t\ ^ t 2 ^ ^ t n = T} x {— M = Xo ^ xi... ^ x m = 

M} of [0, T] x [-M, M], 

In the sequel, for a compact set [0,T] x [—M, M], we denote 


||/||a,6;[0,T]x[-M,M] LV ^’ T ] x (/) + ll/(°> '))II [-M,M];6 + ll/(u II [0,T];a + 1 /( 0 , ~ M)| 

where a, b > 1. We define TWa^QO, T] x [— M, M}) as the set of all functions / : [0, T] x [— M, M] — 
such that ||/|| o ,6;[0,T]x[-M,M] < OO. 

For p, q ^ 1, we also denote 


l/lp,g;[0,T]x[-M,M] ^^[0,T]x[-M,M] (/) + 11/(0’ ')) II[-Af,Af];g + ll/(’j II[0,T];p + 1/(0, — M)| 

and i?W Pig ([0, T]x[—M, M]) is the set of all functions / : [0 ,T]x[—M,M] — > R such that \f\ p , q -[o t T]x[-M,M] < 
oo. We refer the reader to Towgui [32] for details on this joint variation concept. 

Assumption D(i) There exists 1 < a < such that sup^^ ||V u 'i 7 '.( z: c.)|| a; [o i T] < c» for every 

c € C([0, T}; R) and a compact subset K cl. 

Assumption D(ii) There exists 1 < b < such that sup 0s g t ^ T || y w Ft('c t )\\b-[-M,M] < °° for 
every c £ (^([0, r]; M) and M > 0. 


Proposition 5.1. Let X be a stable symmetric process with index 1 < (3 ^ 2. Assume that F is 
a functional which satisfies Assumptions Al, A2, C and D(i). If for each c £ C([0, T]; R), (t,x) e-> 
(V™ F t )( x Ct) £ LW a ,b([0,T] x [— M,M ]) for every M > 0 with 1 ^ a < 1 ^ b < g ^ and 

1 ^ a ^ b, then 


(5.5) 

F t (X t ) = F 0 (X 0 ) + I X h F s (X s )ds 

Jo 

for 0 ^ t ^ T. 


V w F s (X s )dX(s) 



Proof. In the sequel, we fix M > 0 and to shorten notation, we omit [0,T] x [— M,M] and we write 
|j ■ ||and LW a fi. We also write || • || 7 for the one-parameter Holder norm over a compact set. 
Throughout this section, C is a generic constant which may differ from line to line. From Boylan 
[2], we know that {/ x (s); (s, x) £ R + x R} has jointly continuous paths a.s. From Lemma [5.21 and 
Towgui [Th 1.2 (b); [32]], we know that the following integral process 


pt pM 

/ / (V w F s )( x X s )d M £ x (s); O^t^T, 
Jo J-M 


(5.6) 

/0 J-M 

exists if for any c £ C([ 0 ,T];R), (t,x) >-»• ( V™F t )( x c t ) £ LW a ,b where 


(5.7) 


CX.0 

1 < a < ,1 < b < 

a 2 — 1 


ai 

cvi — 1 


and 


«i > 


2 

T’ 


a 2 > 


2/3 

/3 — 1 ' 
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Since A = sup{ a "^ 1 ;ai > -j^-} and = sup{ a °f -1 ; Q 2 > jzj}, then (15.611 exists whenever 
X7 w F(c) e LW a> b for any a < and b < 

From Assumptions A1-A2 and Corollarv ld.il the following decomposition holds 


pi rtATM pl/\l M p-LVl 

F t n (X t M )=FZ(X™)+ X h F?(XM)ds+ V v F?(X s )dX(s)~ / V x F n (*X s )d(s,*/ x («) 

Jo Jo Jo J-M 

a.s.for 0 ^ t Sj T, n ^ 1. From Assumptions Al, A2 and C, we have already proved (See convergence 
in (14.1711 and (14.1811 1 that lim^oo F”(X t M ) = F t (A t M ) a.s and 


t/\T M r M 


(5.8) 


O pl ptATM v /•£ pl/\±M 

X h F?(X™)ds + V v F?(X s )dX(s))= V h F s (X™)ds + X w F s (X s )dX(s) 

0 Jo ' Jo Jo 


tATM 


in probability for each t £ [0,F]. It only remains to check 


ptATM pM ptATM pM 

(5-9) / / V x F?(*X s )d iaiX) e*(s) -)■ / / (X™F s )( x X s )d {s , x /*(s) 

JO J-M JO J-M 

a.s. as ra —>• 00 for every i e [0, T]. To shorten notation, let us denote $"(x) := V x F™{ x X s ) — 
( 'V x F s )( x X s ); (s, x) € [0, T] x [—M, M]. Let us fix an arbitrary t € [0, T], In the sequel, we take e > 0 
small enough such that a’ = a + e and b' = ^-b satisfy a' < and b' < jzp- We claim that 


(5.10) || < h n || 0 ',b' —y 0 a.s as n —> 00 . 

A simple one parameter interpolation estimate (similar to Lemma 15.311 yields 

(5.11) ll^llb' < sup a.s 

x,y£[—M,M] 2 

and 


(5.12) 


|<[>"(—M)|| 0 / ^ sup |$J‘(-M)-$?(-M)| 1 -^||^||“ t a.s 

s,te[o,T] 2 


where (14.91) yields sup Xi!(e r M>M i2 |$q(x) — ^(y)! 1 — ► 0 a.s as n —► 00. Moreover, 

m «2 m 

V|A J V,F 0 ”( a WYo)| b ^ / p( 2 ) V|V J V u 'F 0 f 3 “"A 0 )| b ^<C||V ,i 'FoCAo) 

Jo 


J=i 


i=i 


so that sup n>1 ||V a; F ( ( l ('Ao)||^ < C\\ V UJ Fo('A 0 )||^ a.s. Triangle inequality then allows us to conclude 
that sup^j \\$o\\b ^ C||V“Fo('Ao)|| 6 b ' a.s. Then (15.111) yields 


(5.13) lim ||$o||6'=0 a.s. 

n—>-+oo 

Similarly, by D(i), 

^lAiV^r^)!^ f p{z)Y J \^ w Fu{~ M ~" X u)\ a dz^C sup ||V-F.("X)||“ 

JO -2M^i<0 

so that sup n>1 ||F"(- m X)||“ < sup_ 2M<x<0 ||V"F ( X X.)||“ a.s. Triangle inequality, (15.121) and (14.91) 
yield 
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(5.14) 


lim ||4) ra (—M)|| a / = 0 a.s. 

n—>-+oo 


Summing up (15.131) and (15.141) and invoking again (14. 91) . we conclude that 


(5.15) 


lim fe(-M)| +||^||y+ ||$ n (-Af)||„,) =0 a.s. 

n—»•-l-oo \ / 


Now, we take f ^ 1 and Jensen inequality yields 


m k b_ m k b_ 

(5A6) £ (]T l A A'“ < / E(El A * A l( V, "^)( X ^"^)l“)%(*)* 

- — i -’—i J 0 j —i i —i 


i=i *=i 

a.s. for every n ^ 1 and partition 7 r of [0,T] x {—M,M], Lemma PTTTT1 yields 


LV a '’ b '(<f> n ) < sup |A$"(t,s;x,?/)| i V i x sup. 
t,«e[o,T] 

a:,y£[—M,M] 


< C sup |A4> n (f, s; x, y)| «' x sup ■ 
t,se[o,T] 7T 

ce,y€[— M,M] 


+ C sup |A$ n (t, s; x, y)\ <*' x sup ■ 
t,«e[o,T] A- 

*,i/e[— m,m] 


E[E A,A,<!>;((./•/) 

i=i »=i 


E [Ei A A F q( x ^)r 

j=i »=i 


t=i *=i 


a.s. for every n > 1. Then (14.91) . (15.151) and (15.161) allow us to state that (|5.10l) holds true. Lastly, we 
take ( 01 , 02 ) such that a 1 < a ®f 1 , b' < ( “ 1 _ 1 for a± > and o 2 > - By Th. 1.2 in Towghi [32] . 


we know there exists a constant C such that 


(5.17) 


/*£ ATjvf pM 

/ / $?(*)d (a , x) ^(«) < Cl |*"|| (a , i60 xLV a ^{t) 

JO J-M 


a.s. for every n 1 and hence Lemma fo~?l (15.171) and (15.101) allow us to conclude that decomposition 
(15.51) holds over the stochastic set [0, t A Tm]- By taking M —> oo, we may conclude the proof. □ 


A complete similar proof also yields the symmetric result of Corollary [5T] as follows. 

Corollary 5.1. Let X be a stable symmetric process with index 1 < /3 ^ 2. Assume that F is a 
functional which satisfies Assumptions Al, A2, C and D{ii). If for each c €E C([ 0 , T\; R), ( t,x ) 
(V™ F t )( x Ct) £ RW P} q([0,T\ x for every M > 0 with 1 ^ p < jzp, 1 ^ q < and 

1 ^ P ^ q, then 

(5.18) 

F t (X t ) = F 0 (X 0 ) + X h F s (X s )ds+ V w F s (X s )dX(s)-- / (V^ s )f I s )d (s ,,)f (s) a.s 
Jo Jo ^ J-oo Jo 

/or 0 ^ t ^ T. 

Example 5.1 (Path-dependent cylindrical functionals). Let (0 = to < ti < ^2 < • • • < t n = T} be a 
partition of [0,T], Consider a continuous function / : R" —»• R weakly differentiable in each variable. 
Let us assume that for each k and for each i > k, the *th weak partial derivative 

(5.19) x i-a V//(c(ti—),c(f 2 -),-..,c(t fc -),a;, z)| , 
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evaluated at x. is left continuous and is of bounded g-variation on [— M, M ] for each M > 0 and for 
some q £ [1, 3373 )- For every c £ A, define the functional F t by the formulas: 

(5.20) F(c) = f(c(ti-),c(t- 2 -),...,c{t n -)) and F t (c t ) = F(c t ,T-t)- 

Let us prove that Ito’s formula (15.181) holds the functional F t . Let us notice that the functional F x , 
defined by (|2~4|) . takes the form: 

n—1 

(5.21) F x {c t ) = Y /( c (*i-)i c(t 2 -), • • •, c(t fe -), x ,..., x) I {tk ^ t <t k+1 }- 

k—0 

From this formula one immediately verifies that the family F x {ct) is state boundedness preserving 
and that V h F x (ct) = 0. For the weak derivative we obtain: 

(5.22) V“7?(c(t 1 —), c(t 2 ~), • ■ ■, c(t k -),x, ...,x) 

n— 1 n 

= Y 1 } Y 1 -), c(t 2 -), • • • , c(tfc-), X,...,Xi,..., x)\ x _ x . 

k =0 z=fc+l 

This immediately implies that Assumptions C and D(ii) are fulfilled. We also remark that (t,x) >->• 
(V“J r f)(c t ) £ LW Pt q([0,T] x [—M, M]), where q is the same number as of the g-variation of (15.191) . 
and p is arbitrary. 

We further note that the family F x fails to be state-dependent A-continuous. However, one imme¬ 
diately verifies that it is state-dependent A-continuous on each interval [tj_ 1 , ti — e] for any sufficiently 
small e. Therefore, on the interval [0,ti — e] all assumptions of Proposition 15.11 are fulfilled, and 
therefore, 

F t (X t ) = F 0 (X 0 ) + [ 1 V h F s {X s )ds + [ 1 V w F s {X s )dX(s) 

Jo Jo 

-1 /*+oo nt\—£ 

- 2 / l (y w x F s ){ x x a )d M i*{s). 

Passing to the limit as £ —>• 0, we obtain (15.51) for any t £ [0, £ 1 ]. By the same argument, (15.51) holds 
on each interval [tj_i,£j] with the initial condition F ti _ 1 (X ti _ 1 ). This implies (15.51) for every t £ [0, T\. 

Example 5.2. Let us now summarize Theorem 14.21 Proposition 15.11 and Corollary 15.II One typical 
class of examples which can be treated by using the results of Sections 14.11 and [5] is the following 
pathwise path-dependent version of the classical Follmer-Protter-Shiryaev formula ([2Ujl 


f x{t) 

F t (X t )= Zt(X t ; y)dy 

J —OO 

where Z = {Z t (•; x) : C([0, £]; E) -A R; 0 ^ t < T, x £ R} can be chosen in such way that 

fX (t) 

X w F t ( x X t ) = Z t (X t -x) and V h F t (X t )= / V h Z s (X s ;y)dy 

J — OO 

satisfy the set of assumptions (Al, A2, C, D(i)) or (Al, A2, B). For a concrete case, see Example 14.II 
In this case, the following formula holds 


ft pX(s) rt 1 /» + 00 pt 

F t (X t ) = F 0 (X 0 )+ / V h Z s (X s -y)dyds+ Z a (X a -,X(s))dX(s)-- / Z s (X a -x)d {S}X) t(s) 

Jo J -00 Jo 1 J — 00 Jo 


a.s. for 0 ^t<T. 
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